We describe a method for programming the autonomous navigation of active colloidal particles in response to spatial gradients in a scalar stimulus. Functional behaviors such as positive or negative chemotaxis are encoded in the particle shape, which responds to the local stimulus and directs self-propelled particle motions. We demonstrate this approach using a physical model of stimuliresponsive clusters of self-phoretic spheres. We show how multiple autonomous behaviors can be achieved by designing the particle geometry and its stimulus response.
Introduction. Chemotactic bacteria swim autonomously through complex media to regulate their environment and find new energy sources. Physically, these functional behaviors are enabled by feedback between local sensing and autonomous motion across stimulus landscapes that vary in space and time (Fig.  1a) . Depending on the relationship between sensing and motion, different functional behaviors can be achieved (e.g., positive or negative taxis, kinesis). In particular, bacteria use temporal sampling and biochemical memory to bias their run-and-tumble motions in even weak gradients, which cannot be detected directly over the length of the organism [1] .
By contrast, attempts to mimic such autonomous propulsion and navigation in synthetic colloids [2] have relied on particle alignment within stimulus gradients to direct particle motion (e.g., gradients of chemical concentration [3, 4] , magnetic potential [5] , light intensity [6] , fluid velocity [7] , and fluid viscosicty [8] ). This approach does not scale favorably to micron-scale colloids moving in weak gradients. Moreover, the mechanisms of self-propulsion (e.g., self-phoresis [4, 9] ) are often repurposed for navigation, which presents challenges for designing different functional behaviors such as positive or negative chemotaxis. The realization of colloidal robots [10, 11] that navigate autonomously through fluid environments requires new strategies for programming active particles to bias their motion in response to local stimuli.
Here, we propose one such strategy based on the shape-directed propulsion of shape-shifting microswimmers that alter their shape and thereby their motion in response to changes in a scalar stimulus (e.g., the concentration of a particular chemical species). Particle shape provides a versatile medium for encoding the dynamical behavior of active colloids powered by a variety of energy inputs (e.g., electric [12] , acoustic [13] , self-electrophoretic [14] ). Moreover, by using stimuliresponsive materials, microscale particles can be designed to change their shape in response to environmental cues [15, 16] . We describe how these two concepts can be integrated to design active colloids that navigate autonomously across heterogeneous stimulus landscapes.
We consider a single self-propelled particle moving on a two-dimensional domain with linear velocity U = U cos αe x + U sin αe y and angular velocity Ω = Ωe z (Fig. 1a) . In the particle frame of reference, the velocity components-parameterized by U , α, and Ω-depend only on an internal state variable s ∈ [0, 1], which describes a single degree of freedom in the particle shape. The internal state of the particle depends in turn on the local value of a scalar stimulus field S(x, t) such as the concentration of a chemo-attractant or repellent. We assume that the state variable s evolves rapidly to changes in the stimulus and is uniquely determined by its magnitude at the particle center x p -that is, s = f (S(x p , t)). For a given stimulus landscape S(x, t), the dynamics of the particle is therefore determined by the response functions, U (S), α(S), and Ω(S), which describe how particle motion depends on the magnitude of the local stimulus.
Particle motion in stimulus gradients. The response functions can be designed to enable particle migration up (or down) spatial gradients in the stimulus landscape. In a homogeneous environment, the particle moves with a constant speed along circular orbits of radius R = U/Ω, larger than the characteristic size of the particle L. Although the particle cannot detect stimulus gradients directly, it can integrate the effects of such gradients over each circular orbit to produce steady motions guided by the gradient.
For example, a uniform gradient in the x-direction, S(x) = Gx, causes the particle to drift with velocity
, where primes denote differentiation with respect to the stimulus S [17] . To prohibit motion perpendicular to the gradient direction, the radius R of the particle trajectory should be designed to be independent of the stimulus magnitude. Higher order contributions to the drift velocity are negligible provided that drift is much slower than propulsion-that is, when V U or, equivalently, when G 2/Rα . With these assumptions, the resulting particle trajectory depends only on the response function α(S), which characterizes the orientation of the propulsion velocity in the particle frame. Fig. 1d shows one particle trajectory for the response function α(S) = − arctan[(S − S l )/S s ], where S l and S s are location and scale parameters. Without loss of generality, we set these parameters to zero and one, respectively, such that all stimuli are given in dimensionless form (S l → 0 and S s → 1). This response acts to rotate the propulsion velocity in the particle frame by up to 180
• as the local stimulus changes. The drift speed reaches a maximum value of V max = GU R at S = 0 and decays as V = GU R/S 2 for extreme stimulus magnitudes (|S| 1).
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S(x,t) stimulus landscape Self-phoretic clusters. In practice, the design of the response functions U (S), α(S), and Ω(S) requires one to consider the specific mechanism(s) of particle propulsion and its dependence on particle shape. Here, we consider the self-phoretic propulsion of hard sphere clusters, which have been studied previously in theory [18, 19] and experiment [20, 21] . Each sphere j in the cluster emits a constant flux A j of some chemical species, which sets up a concentration field c(x) around the composite particle. At small Péclet number (Pe = U L/D 1), the species concentration is governed by the Laplace equation for steady-state diffusion, ∇ 2 c = 0, subject to the following boundary condition on the surface S j of each sphere j
where D is the species diffusivity, and n is the unit normal directed out from the spheres. Far from the particle, the species concentration approaches a constant value c ∞ , which can be set to zero without loss of generality. The resulting concentration field c(x) depends on the shape of particle-that is, the configuration of its component spheres-but not its position and orientation within the stimulus landscape.
Concentration gradients tangent to the surface of each sphere drive interfacial phoretic flows with velocity
where µ j is the mobility coefficient of sphere j. At low Reynolds number (Re = ρU L/η), the resulting velocity and pressure fields are governed by the Stokes equations, −∇p + η∇ 2 u = 0 and ∇ · u = 0, where η is the fluid viscosity. The linear velocity U and angular velocity Ω of the rigid cluster is determined by the condition that there is no net force or torque on the particle. We use a far-field approximation based on the method of reflections [19] to solve both the diffusion and hydrodynamic problems outlined above and estimate the particle velocity as a function of its shape [17] . For simplicity, we focus on the specific case of homogeneous clusters with A j = A and µ j = µ; however, the model can also describe heterogeneous clusters made from spheres of different types. We scale lengths by L, concentrations by AL/D, and velocities by µA/D, such that the velocities U and Ω are determined entirely by particle geometry.
Shape-shifting clusters. In addition to shape-directed particle motion, we must also consider the effects of shape-shifting whereby the particle shape changes in response to changes in the local stimulus S(x p , t). Such particles can now be realized in experiment using stimuli responsive soft materials such as shape-changing polymers [15] or liquid crystal elastomers [16] to alter the sizes and/or relative positions of spheres in the cluster. In the present model, we consider a highly idealized form of shape-shifting, in which the bond lengths between neighboring spheres can depend on the local stimulus. Fig. 2b shows one example of a three-sphere cluster containing one stimuli-responsive bond.
To describe the motion of shape-shifting particles, we define a set of standard shapes that specify the position x j (s) of each sphere in the particle frame as a function of the shape parameter s [22] . The standard shapes are chosen such that the particle frame does not translate or rotate within the viscous fluid as the particle changes its shape [17] . In this way, we effectively remove the effects of particle swimming due to shape change, allowing us to focus exclusively on shape-induced changes in the propulsion velocity.
For each standard shape, we compute the linear velocity U and angular velocity Ω of the (rigid) cluster as described above to obtain the response functions U (s), α(s), and Ω(s). Fig. 2c shows the response functions
s=0.03 for a triangular cluster as a function of its one stimuliresponsive bond length,
This particle exhibits drifting motions in a stimulus gradient, but not the desired chemotactic motions parallel to the gradient direction. In general, clusters will not satisfy the design criterion for chemotaxis that R = constant; however, it is possible to optimize their response by modifying the particle geometry.
Design of chemotactic clusters. In designing chemotactic clusters that navigate up (or down) stimulus gradients, we seek to alter the cluster geometry such that each of the standard shapes leads to self-phoretic motion with a constant (signed) radius R 0 . The design process can be formulated as an optimization problem that seeks to minimize the objective
Here, the cluster geometry is parameterized by both the shape parameter s ∈ [0, 1] and the design variable d, which is held fixed during shape-shifting. The angle brackets denote averages over the shape parameter s, and R(s, d) is the computed radius of the particle trajectory.
For the three-sphere cluster in Fig. 2a , the design variable d includes two of the three radii (a 2 , a 3 ) and one of the three bond lengths (L 2 ). All lengths are scaled by the length of the third bond L 3 such that L 3 → 1; the sphere radius a 1 is specified such that a 1 L. The length L 1 of the stimulus-responsive bond is constrained to vary between user-specified limits L min and L max . For each design d, we compute the radius R(s, d) of the particle trajectory as a function of the shape parameter using the model outlined above. Numerical optimization methods can then be applied to identify the optimal shape-shifting particle. Fig. 3a highlights the performance of three different optimization methods based on hill climbing, random search, and the covariance matrix adaptation evolution strategy (CMA-ES) [23] , as applied to the design of chemotactic three-sphere clusters. Greedy search algorithms such as hill climbing are quickly trapped in local minima; random searches are more effective but fail to identify the deepest minima. The CMA-ES algorithm, which has proven effective on other problems involving colloidal clusters [24] , combines stochastic "mutation" events with a deterministic "selection" process to identify optimal cluster geometries. Fig. 3b shows the optimal design for a three-sphere cluster with one stimuli-responsive bond. Variations in the radius R are ca. 2% of the prescribed value (Fig. 3c) . The orientation of the propulsion velocity α(s) decreases almost linearly with the shape parameter s over a range spanning ca. 60
• . Assuming a sigmoidal response of the shape parameter on the local stimulus, the designed particle moves steadily up an applied stimulus gradient (positive chemotaxis; Fig. 3d ).
For spheres with the same activity and mobility connected by the same type of stimuli responsive bonds, one can design other particle clusters that behave in the opposite manner and swim down an applied gradient [17] . Moreover, by altering the objective function, one can design particle clusters that navigate perpendicular to the gradient in a specified direction [17] . In addition to shape-shifting bonds between rigid spheres, one can also use responsive spheres that swell or shrink in response to local conditions. More generally, the present navigation strategy can be applied whenever particle motion depends on the local stimulus magnitude. Particle shape provides one of several possible design strategies for mediating this relationship between stimulus and motion. Effects of noise. The type of autonomous navigation described here is only effective when rotational diffusion is slower than self-phoretic particle rotation. Accounting for the particle's Brownian motion, the drift velocity in a uniform stimulus gradient S(x, t) = Gx can be ap-
, where Pe r = Ωξ r /k B T is a rotational Péclet number, ξ r is a rotational friction coefficient (e.g., ξ r = 8πηa 3 for a sphere in an unbounded fluid), and k B T is the thermal energy. As detailed in [17] , the derivation of this expression assumes that both the linear and angular propulsion velocity are independent of the stimulus (i.e., U (S) = U and Ω(S) = Ω) and that the angular response function α(S) is approximately linear over changes in stimulus of order GR.
For large Péclet numbers (Pe r 1), the particle maintains orientational correlations over the duration of each circular orbit and uses this information to guide its motion on the stimulus landscape. By contrast, rotational diffusion at small Péclet numbers (Pe r 1) acts to erase these correlations thereby prohibiting effective navigation. Approximating the particle as a thin disk of diameter L (such that ξ r = 4 3 ηL 3 [25] ), the minimum particle size required for effective navigation (Pe r ∼ 1) is L ∼ (3k B T /4Ωη) 1/3 . Assuming a typical phoretic velocity of Ω = 1 rad/s, autonomous navigation in water (η = 10 −3 Pa s) at room temperature requires particles sizes of order L ∼ 1 µm or larger. Perhaps not surprisingly, this length is comparable to that of chemotactic bacteria such as E. coli.
Conclusions. In sum, the shape-directed dynamics of shape-shifting particles provides a viable strategy for designing active colloids capable of autonomous navigation through heterogeneous environments. While the present model focuses on self-phoretic motion, similar strategies should apply to other propulsion mechanisms that depend on particle shape (e.g., those based on external electric [26] or magnetic [27] fields). The design of desired responses requires predictive understanding of both the relationship between stimulus and shape as well as that between shape and motion. This design problem is simplest when the processes of shape-shifting and of shapedirected motion are effectively decoupled (e.g., when the former is much faster than the latter as assumed here). Recent advances in combining active colloids and stimuliresponsive materials should provide a promising platform to apply the design principles outlined here [28] . Looking forward, autonomous navigation based on internal degrees of freedom could be combined with external control strategies [29] 
